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We show that by combining the static heavy quark action with the Neuberger action for the light quark, the renor-
malisation of the heavy-light bilinear and four-quark operators, computed on the lattice, becomes highly simplified:
all the heavy-light bilinears get renormalised by a single multiplicative constant, whereas the renormalisation of
the complete set of parity even ∆B = 2 four-quark operators involves only four independent constants. The
relevant (matching) constants are computed at NLO in perturbation theory and are presented here.
Computation of the B-meson decay constants
and the corresponding “bag parameters” by using
lattice QCD is very demanding and beyond reach
to the currently available computing facilities. In
such a situation, the results for these quantities
obtained in the static limit, mQ →∞, are partic-
ularly helpful. They can be combined with those
obtained by using the propagating heavy quarks
withmQ < mb, to interpolate in the inverse heavy
quark mass and thus extracting the physically in-
teresting quantities at mQ = mb (see eg. ref. [1]).
However, after combining the static HQET action
with the standard Wilson light quark Lagrangian
on the lattice, the explicit breaking of the chiral
symmetry generates many problems in the renor-
malisation procedure of the local heavy-light op-
erators. In particular, the mixing pattern in the
renormalisation of the four-quark operators be-
comes very complicated. The extra mixing is a
lattice artifact and turns out to be uncomfortably
large for the bare lattice couplings actually used
in practice. For that reason, disentangling an op-
erator that we want to match to its continuum
counterpart is difficult and is prone to the addi-
tional systematic and statistical errors. Further-
more, when working with Wilson light quarks,
the frequent appearance of exceptional configura-
tions prohibits studying the quarks lighter than a
half of the strange quark mass. The above prob-
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lems can be overcome if the chiral symmetry of
the light quark is exactly preserved on the lattice.
In recent years it became evident that the over-
lap fermion action [2] indeed preserves the chiral
symmetry on the lattice without giving up any
other symmetry.
In what follows, we will show that the combi-
nation of the Neuberger (overlap) light and the
static heavy quark action indeed simplifies the
renormalisation procedure of the composite op-
erators. We will then present the expressions for
the renormalisation constants for the heavy-light
bilinears, as well as for the ∆B = 2 four-quark
operators, that we derived at one-loop (NLO) in
perturbation theory.
1. Action and symmetries
The action that we are interested in, has the
following form:
S = SYM + Slight + Sheavy . (1)
For the discretised version of the Young-Mills part
of the action SYM we take the standard Wilson
plaquette action, whereas for the Sheavy part we
adopt the static HQET action with the backward
derivative prescription of ref. [3], i.e.
Sheavy=
∑
n
{
h¯(+)(n)
[
h(+)(n)− U0(n− 0ˆ)†h(+)(n− 0ˆ)
]
−h¯(−)(n)
[
U0(n)h
(−)(n+ 0ˆ)− h(−)(n)
]}
,
2where h(n) is the static heavy quark field, and
U0(n) is the link variable in the temporal direc-
tion. For the light quark we take the Dirac La-
grangian a` la Neuberger [2],
DN =
1
a
ρ
[
1 +
X√
X†X
]
, X = DW − ρ
a
,
where DW is the Wilson Dirac operator, 2DW =
γµ(∇∗µ +∇µ)− a∇∗µ∇µ.
On the finite lattice, the action (1) is invariant
with respect to:
1. Chiral symmetry transformations (χS) [4]
ψ(x) → iγ5ψ(x) , ψ¯(x)→ ψ¯(x)i (1− DN
ρ
)γ5;
2. Heavy quark spin symmetry transformations
(HQS), of which we will need the following ones
h(±)(x)→ 1
2
ǫijkγjγkh
(±)(x) ,
h¯(±)(x)→ −h¯(±)(x)1
2
ǫijkγjγk , (i = 1, 2, 3);
3. Discrete O(3) symmetry, of which we will
need just a rotation by π/2 about the ith axis
(xi → xi, xj 6=i → ǫijkxk):
ψ(x) h(±)(x)→ 1−
1
2ǫijkγjγk√
2
ψ(x) h(±)(x),
ψ¯(x) h¯(±)(x)→ ψ¯(x) h¯(±)(x)1 +
1
2ǫijkγjγk√
2
.
With the above symmetry properties in hands,
we now show that all the heavy-light bilinears
OΓ = h¯Γψ, Γ ∈ {1, γ5, γµ, γµγ5, i
2
[γµ, γν]}
OΓ ∈ {S, P, V µ, Aµ, T µν},
renormalise by a single renormalisation constant.
A consequence of the heavy quark field equation,
h¯γ0 = h¯, is that V
0 = S, A0 = P , and the tensor
density is not independent bilinear (T 0j = V j ,
T ij = εijkAk). Under the χS transformation,
we see that S → iP , P → iS, and V j → iAj ,
Aj → iV j, so that the multiplicative renormal-
isation constants satisfy ZA = ZV , ZS = ZP .
On the other hand, under the HQS transforma-
tions, we have S → iAj , P → iV j , and V j → iP ,
Aj → iS, implying that ZS = ZA and ZV = ZP .
We thus arrive at the wanted result that
ZA = ZV = ZS = ZP ≡ Z(aµ) . (2)
With the notation, OΓ1Γ2 = (h¯
(+)αΓ1q
α)(h¯(−) βΓ2q
β),
we chose the following basis of parity conserving
∆B = 2 operators (in HQET):
OΓΓ ∈ {OV V+AA, OSS+PP , OV V−AA, OSS−PP }.
Without symmetries discussed above, all entries
of the 4 × 4 renormalisation matrix are non-zero
and independent from one another. HQS, to-
gether with O(3), provides relations among the
entries, resulting in the following structure [5]):
Z =


Z11 0 Z13 2Z13
−Z11+Z22
4 Z22 Z23 −Z13 − 2Z23
Z31 Z32 Z33 Z34
2Z31−Z32
4
−Z32
2
Z34
4 Z33

 , (3)
as explicitly verified in perturbation theory with
Wilson light quarks [6]. 8 independent entries get
reduced to only 4, after applying the χS transfor-
mations. Indeed, we verify that
OV V+AA ↔ −OV V+AA, OSS+PP ↔ −OSS+PP ,
OV V−AA ↔ +OV V−AA, OSS−PP ↔ +OSS−PP ,
which finally brings us to the form,
Z =


Z11 0 0 0
−Z11+Z22
4 Z22 0
0 0 Z33 Z34
0 0 Z344 Z33

 . (4)
2. Perturbative matching
In this section we present results of the proce-
dure in which we match the lattice regularised op-
erators with their continuum counterparts, renor-
malised in the MS(NDR) renormalisation scheme.
Details of the calculation will be presented in
ref. [5]. Here we only spill out the results.
For the renormalisation constant relevant to
the bilinear operators [cf. eq.(2)], we obtain
ZMS(µa) = 1 +
αs
4π
4
3
[
5
4
− dΣ − e− dH
+
3
2
ln(µ2a2)
]
.
3where the constant e = 24.48059730, comes from
the self energy of the static quark leg [3], dΣ(ρ)
comes from the light quark self energy [7], and dH
is the vertex contribution that has not been cal-
culated before. The values for dΣ,H(ρ) are listed
in tab. 1, for three specific values of parameter ρ.
For the renormalisation constants of the four
fermion operators our results read:
Z11 = 1 +
αs
4π
[
7
3
− c
3
− 10 dH
3
+
dS
3
− 4 dΣ
3
− 4 e
3
+
2 dξ
3
+ 4 log(a2µ2)
]
Z21 =
αs
4π
[
− 5
36
+
c
4
+
dH
2
− dS
36
− 2 dV
9
− dξ
6
− 2 log(a
2µ 2)
3
]
Z22 = 1 +
αs
4π
[
16
9
+
2 c
3
− 4 dH
3
+
2 dS
9
− 8 dV
9
− 4 dΣ
3
− 4 e
3
+
4 log(a2µ2)
3
]
Z33 = 1 +
αs
4π
[
41
12
+
c
6
− 7 dH
3
− dV
6
− 4 dΣ
3
− 4 e
3
+
7 dξ
6
+
7 log(a2µ 2)
2
]
Z34 =
αs
4π
[
1
2
+ c+ 2 dH − dV − dξ
− 3 log(a2µ2)]
Z43 =
αs
4π
[
1
8
+
c
4
+
dH
2
− dV
4
− dξ
4
− 3 log(a
2 µ2)
4
]
Z44 = 1 +
αs
4π
[
41
12
+
c
6
− 7 dH
3
− dV
6
− 4 dΣ
3
− 4 e
3
+
7 dξ
6
+
7 log(a2µ 2)
2
]
where the constant c = 4.52575660 (less pre-
cise value was first obtained in ref. [8]), while
the constant dξ = −4.79200957. The values of
dS,V (ρ) were already computed in ref. [7], which
we checked and confirm here. The values are
listed in tab. 1. Notice that our results indeed
ρ 1.0 1.2 1.4
dΣ(ρ) -31.33861723 -23.20304037 -17.47396963
dH(ρ) 0.55183709 0.59728235 0.64838696
dS(ρ) 1.46989129 2.02526759 2.55134784
dV (ρ) 0.03924115 0.04665160 0.05600630
Table 1
Numerical values of dΣ(ρ), dH(ρ), dS(ρ) and dV (ρ)
for three values of ρ (see [5] for other values of ρ).
verify the symmetry relation,
Z21 =
Z22 − Z11
4
, Z33 = Z44, Z43 =
Z34
4
. (5)
3. Concluding remarks
Our proposal to combine the static HQET with
the overlap light quark is very rewarding for the
renormalisation procedure. It particularly simpli-
fies the renormalisation of the phenomenologicaly
important ∆B = 2 operators. In practice, the
use of HQET on the lattice suffers from the poor
signal-to-noise ratio. This problem was recently
circumvented by replacing U0(n)→ Ufat0 (n) (fat-
link) in Sheavy [9]. Empirically, that replacement
results in the statistical accuracy in correlation
functions, comparable to what one has in lattice
QCD. The implementation of that replacement in
the above results will be presented elsewhere.
REFERENCES
1. D. Becirevic et al., JHEP 0204 (2002) 025.
2. H. Neuberger, Phys. Lett. B 417 (1998) 141.
3. E. Eichten and B. Hill, Phys. Lett. B 240
(1990) 193.
4. M. Luscher, Phys. Lett. B 428 (1998) 342.
5. D. Bec´irevic´ and J. Reyes, in preparation.
6. M. Di Pierro and C. T. Sachrajda, Nucl. Phys.
B 534 (1998) 373; V. Gimenez and J. Reyes,
ibid 545 (1999) 576.
7. C. Alexandrou et al., Nucl. Phys. B 580
(2000) 394, S. Capitani and L. Giusti, Phys.
Rev. D 62 (2000) 114506.
8. J. M. Flynn, O. F. Hernandez and B. R. Hill,
Phys. Rev. D 43 (1991) 3709.
9. M. Della Morte et al., hep-lat/0307021.
